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Abstract
The transfer operator (TO) formalism of the dynamical systems (DS) theory is reformulated
here in terms of the recently proposed supersymetric theory of stochastic differential equations
(SDE). It turns out that the stochastically generalized TO (GTO) of the DS theory is the finite-
time Fokker-Planck evolution operator. As a result comes the supersymmetric trivialization of
the so-called sharp trace and sharp determinant of the GTO, with the former being the Witten
index, which is also the stochastic generalization of the Lefschetz index so that it equals the Euler
characteristic of the (closed) phase space for any flow vector field, noise metric, and temperature.
The enabled possibility to apply the spectral theorems of the DS theory to the Fokker-Planck
operators allows to extend the previous picture of the spontaneous topological supersymmetry
(Q-symmetry) breaking onto the situations with negative ground state’s attenuation rate. The
later signifies the exponential growth of the number of periodic solutions/orbits in the large time
limit, which is the unique feature of chaotic behavior proving that the spontaneous breakdown of
Q-symmetry is indeed the field-theoretic definition and stochastic generalization of the concept of
deterministic chaos. In addition, the previously proposed low-temperature classification of SDEs,
i.e., thermodynamic equilibrium / noise-induced chaos ((anti)instanton condensation, intermittent)
/ ordinary chaos (non-integrability of the flow vector field), is complemented by the discussion of
the high-temperature regime where the sharp boundary between the noise-induced and ordinary
chaotic phases must smear out into a crossover, and at even higher temperatures the Q-symmetry
is restored. The Weyl quantization is discussed in the context of the Ito-Stratonovich dilemma.
∗ igor.vlad.ovchinnikov@gmail.com
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I. INTRODUCTION
Soon after the proposition of the Parisi-Sourlas stochastic quantization procedure
[Parisi and Sourlas 1979] for Langevin stochastic (partial) differential equations (SDEs), it
was realized that being applied to a general form SDE, the Parisi-Sourlas technique leads
to a model with at least one supersymmetry (see, e.g., [Gawedzki 1986]). This supersym-
metry was later identified as a definitive feature of the Witten-type topological or coho-
mological field theories. [Anselmi 1997, Atiyah and Jeffrey 1998, Birmingham et al. 1991,
Blau 1993, Frenkel et al. 2011, Labastida 1989, Witten 1988a, Witten 1988b] Since then,
further progress in the studies of the connection between this topological supersymmetry
and the general form SDEs was relatively slow (see, however, [Tailleur et al. 2006]) perhaps
because in the general case (unlike in the Langevin case) the evolution operator is pseudo-
Hermitian (it has imaginary eigenvalues), whereas the theory of the pseudo-Hermitian evo-
lution operators (in the context of quantum theory) would not appear until around a decade
ago. [Mostafazadeh 2002, Mostafazadeh 2013].
Yet another part of the story of this paper lays in the domain of the theory of deterministic
chaos also known as non-integrability in the sense of dynamical systems (DS) theory 1 - one
of the most fascinating known nonlinear dynamical phenomena. Its history is over a century
old and can be traced back to the work by Poincare´ on the three-body celestial dynamics
(see, e.g., Ref. [Ruelle 2014] and Refs. therein). At this, the classical DS theory has not
offered yet an explanation/derivation of the most notorious chaotic property of the ultimate
sensitivity to initial conditions also known as the ”butterfly effect” (for the butterfly effect
see, e.g., [Motter and Campbell 2013] and Refs. therein). This is true even for deterministic
DSs not to mention stochastic DSs.
Stochastic DSs, in turn, are of primary interest because all natural DSs are never
completely isolated from their environments and thus always experience the influence
from external stochastic noise. Even though previous approaches to stochastic dynam-
ics provided many important insights, [Arnold 1995, Kapitaniak 1990, Hida et al. 2000,
Baxendale and Lototsky 2007] some of the fundamental questions remained unanswered.
For example, there existed no rigorous stochastic generalization of the concept of determin-
1 There are more than one versions of the concept of integrability in Mathematics. The integrability in the
sense of DS theory is that the unstable manifolds of the flow vector field provide well-defined foliations of
the phase space.
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istic chaos.
The theory that connects the above mentioned previous mathematical developments and
provides answers to some of the open questions has appeared recently [Ovchinnikov 2012,
Ovchinnikov 2013] as a result of the conjecture [Ovchinnikov 2011] that chaotic (stochas-
tic) dynamical behavior2 may as well turn out to be the phenomenon of the spontaneous
breakdown of topological sypersymmetry that all SDEs possess.
This approximation-free and coordinate-free supersymmetric theory of SDEs or stochas-
tics (STS), may find multiple applications because SDEs is probably the most fundamental
class of models in all of science and engineering. Indeed, everything in Nature above the
scale of quantum degeneracy/coherence is an SDE, whereas in quantum models3 SDEs can
be used indirectly. [Ringel and Gritsev 2013] Among potential applications of the STS, its
most interesting use is in the context of the DS theory and statistical physics as we discuss
next.
The STS offers a rigorous definition of dynamical chaos that both explains the butterfly
effect and works just as well for stochastic DSs: chaotic dynamics is the phenomenon of the
spontaneous breakdown of topological supersymmetry. According to the Goldstone theorem,
DSs with spontaneously broken topological supersymmetry must always exhibit ”chaotic”
long-range order/memory/correlations. The later reveals itself through such well-established
concepts and natural phenomena as the butterfly effect, 1/f or pink/flicker noise, algebraic
statistics of instantonic processes including earthquakes, solar flares, gamma-ray-bursts etc.
In fact, that the onset of chaos is a transition of some sort has been well known be-
fore. This understanding was actually the basis for the concept of ”universality in chaos”.
[Cvitanovic 1998] In addition, it has also been known that the transition into chaos is of
topological origin. At the transition, fractal attractors that are not well-defined topologi-
cal manifolds show up. Furthermore, in three-dimensional phase spaces, fractal attractors
consist of infinite number of unstable periodic orbits with arbitrary large periods and with
nontrivial linking numbers. [Gilmore 1998] In the light of the above, the topological su-
persymmetry breaking picture is the long overdue field-theoretic explanation and stochastic
generalization of the phenomenon of deterministic chaos.
2 Or rather one type of stochastic chaos known previously as self-organized criticality that corresponds in
terminology of this paper to the noise-induced chaos, see Sec.VIC
3 A Schro¨dinger equation is also a partial differential (Hamilton) equation that can be formally viewed as
an infinite-dimensional deterministic (conservative) dynamical system. The STS approach to quantum
mechanics is unlikely, however, to lead to any additional new knowledge about quantum dynamics.3
Another fundamental physical concept that the STS provides with a rigorous definition
is that of the thermodynamic equilibrium (TE). A stochastic DS is said to be at its TE if
after long enough temporal evolution it can be described by a stationary total probability
distribution (e.g., Gibbs distribution) and, in particular, loses all the memory of its initial
conditions (no butterfly effect). As we will discuss in Sec.VI, from the STS standpoint, DSs
in TE are those with unbroken topological supersymmetry. In this case, (one of) the ground
state(s) is the steady state (zero-eigenvalue) total probability distribution. As it turns out,
such state always exist for physically meaningful models. Thus, the true essence of the TE
in not in the existence of this TE state (this view can be often encountered in the literature)
but rather in whether the TE state is among the ground states of the model or not.
With the provision of the definitions for the stochastic chaos and the TE, the STS offers
a unified framework for physical statistics and dynamics: depending on whether the topo-
logical supersymmetry is spontaneously broken or not, all stochastic DSs are divided into
chaotic ones and those at TE. At this, only DSs at TE admit the statistical/thermodynamic
description. In order to capture the essence of chaotic behavior, one must construct a
model-specific low-energy effective theory of gapless Fadeev-Popov goldstinos that represent
”unthermalized” (unstable) variables 4 of the ground state of a chaotic DS.
The STS may also be interesting from purely field-theoretic point of view. Firstly,
through this theory, the ChTs may find multiple applications. Secondary, there are
very few mechanisms that may lead to the spontaneous breakdown of supersymmetries,
[Intriligator and Seiberg 2007] which is actually the primary reason for the introduction of
the concept of soft and/or explicit supersymmetry breaking (see Ref. [Chung et al. 2005]
and Refs. therein). The STS provides yet another mechanism of the spontaneous breakdown
of a supersymmetry (topological supersymmetry in this case). Topological supersymmetry
of chaotic deterministic DSs is spontaneously broken by non-integrability of the flow vector
field, i.e., by fractal or strange attractors/invariant manifolds. Such mechanism does not
have analogues in the high-energy physics models, in which the mean-field or tree-level vacua,
i.e., the analogues of the deterministic attractors/invariant manifolds of the DS theory, are
well-defined (integer-dimensional) topological manifolds in the phase space. Interestingly
enough, the chaotic ground state’s eigenvalue of the Fokker-Planck operator is negative (it
4 In deterministic dissipative continuous-time DSs, unstable variables correspond to positive Lyapuniov
exponents.
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represents the rate of the exponential growth of the number of periodic solutions/orbits in
chaotic DS, see Sec. VIA2 below). This situation is in a sense opposite to the supersym-
metry breaking picture in the high-energy physics models where the ground state eigenvalue
must be positive in order for a supersymmetry to be spontaneously broken.
The Fokker-Planck evolution operators of the STS are non-Hermitian. Such
evolution operators have been the subject of active scientific investigation recently.
[Bender and Boettcher 1998, Bender 2007, Mostafazadeh 2002, Mostafazadeh 2013] At this,
most of the efforts were devoted to the so-called PT -symmetric quasi-Hermitian evolution
operators that have real spectrum. A real spectrum of its evolution operator makes a model a
close relative with the conventional unitary quantum mechanics. This looks especially com-
forting when it comes to the physical interpretation of various constituents of the theory. In
contrary, the spectra of Fokker-Planck operators are pseudo-Hermitian as they contain also
complex conjugate pairs of eigenvalues. At this, there should be no concern about relevance
of the non-real spectrum to reality - complex conjugate eigenvalues of transfer operators are
well known in the DS theory under the name of Ruelle-Pollicott resonances. Thus, the STS
is an ”interpretable” theory with pseudo-Hermitian evolution operators and with applicabil-
ity ranging from social sciences to astrophysics. This is particularly interesting in the light
of the modern search for the physical realizations of pseudo-Hermitian evolution operators
(see, e.g., Ref.[Longhi 2010] and Refs. therein).
From a more general point of view, the classical DS theory and the supersymmetic and/or
cohomological field theories (ChTs) are naturally synergetic within the STS. This synergy
has a potential of a fruitful cross-fertilization between concepts and developments of these
two major theoretical constructions. It is mainly in this line of thinking that in this paper
the transfer operator (TO) formalism of the DS theory is given the STS representation.
This approach can be looked upon as a bottom-up derivation of the STS with the start-
ing point being the DS theory concept of the TO. This is opposed to the previously used
Parisi-Sourlas stochastic quantization, [Parisi and Sourlas 1979] which is essentially a field
theoretic construction rather than an intrinsic part of the modern theory of DSs. This al-
ternative approach to the STS results in several additional links between the classical DS
theory and the ChTs that lead to a few novel findings.
The main results of the paper are as follows. First, it provides a firm evidence that
the spontaneous breakdown of topological supersymmetry is the field-theoretic essence and
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stochastic generalization of the concept of deterministic dynamical chaos. Second, it demon-
strates that due to the unconditional existence of topological supersymmetry, the sharp trace
and sharp determinant of the generalized transfer operator of the DS theory are subject to
the supersymmetric trivialization. Third, it proves that Witten index of SDEs with closed
phase spaces equals the Euler characteristic of the phase space for any smooth enough flow
vector fields, noise temperatures, and noise metrics. In addition, it is demonstrated how
the butterfly effect follows from the topological supersymmetry breaking picture of chaotic
dynamics, and an unambiguous resolution of the Ito-Stratonovich dilemma is presented.
The structure of the paper is as follows. In Sec.II, the formalism of the Ruelle-Frobenuis-
Perron TO is introduced. In Sec.III, the supersymmetric pathintegral representation of the
weighted traces of the TO is derived. In Sec.IV, the operator representation of the theory
is briefly discussed. In particular, it is shown that for closed phase spaces the Witten index
always equals the Euler characteristic of the phase space. In Sec.V, it is demonstrated
that the generalized (stochastic) TO (GTO) formalism of the DS theory is an intrinsic
part of the STS. In Sec. VI, the supersymmetric trivialization of the sharp traces and
determinants of the GTO is discussed. The phenomenon of the spontaneous breakdown of
the topological supersymmetry is revisited and the situation is analyzed when the ground
state’s attenuation rate is negative. It is shown that in such situations the stochastically
averaged number of periodic solutions/orbits grows exponentially in the large time limit.
This is a direct indication on that the spontaneous breakdown of topological supersymmetry
is the field-theoretic essence of (stochastic) chaotic dynamical behavior. It is also shown how
the butterfly effect is derived from the topological supersymmetry breaking picture of chaotic
dynamics. It is also argued that the topological supersymmetry must not be broken in the
high temperature limit. This allows to extend the previously proposed low-temperature
phase diagram (thermodynamic equilibrium / noise-induced chaos / ordinary chaos) onto
the high temperature regime. Sec.VII concludes the paper. In the Appendix, a derivation
of the Fokker-Planck evolution operator and the resolution of the Ito-Stratonovich dilemma
in favor of the Weyl-Stratonovich approach are elaborated.
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II. TRANSFER OPERATOR
We begin with the introduction of a continuous-time deterministic DS defined by the
ordinary differential equation:
∂tx(t) = F (x(t)). (1)
Here, x ∈ X are the DSs variables from the phase space, X , which is a D-dimensional
topological manifold, and F (x) ∈ TxX , is the flow vector field from the tangent space of X
at point x.
In order to avoid unnecessary complications of purely mathematical origin that go beyond
the scope of this paper, we make several assumptions. First, the flow vector field is assumed
to be continuous and smooth enough not to bring about possible complications associated
with, e.g., discontinuous flows. Second, we assume thatX is orientable and has no boundary.
Third, when it comes to the quantitative discussion of the Witten and Lefschetz indices, X
is also assumed compact, i.e., X is closed.
Eq.(1) defines a one-parameter group of diffeomorphisms of X , Mt(x) : X×R→ X , such
that
∂tMt(x) = F (Mt(x)), (2)
and M0 = IdX . The Ruelle-Frobenius-Perron TO for the evolution of duration t has the
following form:
(Mtρ)(x) =
∫
Mt(x, x′)ρ(x′)dDx′ =
∑
x′,Mt(x′)=x
ρ(x′)
|detTMt(x′)| , (3)
Mt(x, x′) = δD(x−Mt(x′)). (4)
where | · | stands for the absolute value, and
TMt
i
j(x) = ∂M
i
t (x)/∂x
j , (5)
is the coordinate representation of the tangent map induced by Mt:
TMt(x) : TxX → TMt(x)X. (6)
The flow is a group of diffeomorphisms and Mt is invertible (for finite t), M
−1
t = M−t, and
any image, x, has only one preimage, x′ =M−t(x), so that the summation sign in Eq.(3) is
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not really necessary. The generalization of this discussion onto the discrete-time DSs with
non-invertable maps is beyond the scope of this paper.
Matrix (5) satisfies the following equation:
∂tTMt(x) = Fˆ(Mt(x))TMt(x), (7)
Fˆ(x) ≡ Fij(x) = ∂F i(x)/∂xj , (8)
as it follows from Eq.(2). The formal solution of this equation with the initial condition
TM0 = 1ˆTX is
TMt(x) =: e
∫ t
0
Fˆ(Mt′(x))dt
′
:, (9)
where columns denote chronological ordering. Also
detTMt(x) = e
∫ t
0 TrFˆ(Mt′ (x))dt
′
> 0, (10)
i.e., the flow preserves the orientation on X . The group structure of the flow is seen in
Mt1(Mt2(x)) = Mt1+t2(x), (11)
Mt1Mt2ρ =Mt1+t2ρ, (12)
TMt1(Mt2(x))TMt2(x) = TMt1+t2(x). (13)
Let us define the weighted traces of the TO as
TrMtφ =
∫
Mt(x, x)(det TMt(x))φ(x)dDx =
∫
M−t(x, x)φ(x)dDx
=
∑
x∈fixMt
φ(x)
|det(1ˆ− TM−t(x))|
. (14)
Here TM−t(x) = TM
−1
t (x), Eq.(10) is utilized, and φ(x) is some function on X called weight
function. Eq.(14) has a seeming appearance of time-reversed evolution. Its meaning will
be discussed in Sec. VB. The sum notation in Eq.(14) suggests that the fixed points of
Mt are isolated. The pathintegral version of the theory, however, deals equally well with
more general situations with non-isolated fixed points as we briefly discuss at the end of this
section. Having this in mind, we will sloppily keep using the summation sign.
The following two weight functions are of specific interest:
w(x) = det(1ˆ− TM−t(x)) =
∑D
k=1
(−1)kmk(x), (15)
z(x) = det(1ˆ + TM−t(x)) =
∑D
k=1
mk(x), (16)
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where
mk(x) =
∑
i1<...<ik
det


TM−t
i1
i1
(x) · · · TM−tiki1 (x)
...
. . .
...
TM−t
i1
ik
(x) · · · TM−tikik(x)

 , (17)
and the characteristic polynomial formula was used
det(1ˆ + λTM−t(x)) =
∑D
k=0
λkmk(x).
The weighted trace with weight function (15)
TrMtw =
∑
x∈fixMt
signdet(1ˆ− TM−t(x)), (18)
is of topological origin for it is the matter of the Lefschetz-Hopf theorem. The later states,
in particular, that for closed phase spaces,
TrMtw =
∑D
k=0
(−1)kTrHkM∗−t, (19)
where TrHk denotes the trace over the k
th-degree cohomology of X and M∗−t is the pullback
induced by M−t. The rhs of Eq.(19) is called Lefschetz number or index. In the t → 0
limit, M−t → IdX and the summation in the r.h.s. is the summation over the signed Betti
numbers so that the index evaluates to the Euler characteristic of X .
In fact, the topological nature of Eq.(18) will be reassured later by its identification with
the Witten index, W , of the corresponding STS:
Wcl = TrMtw. (20)
(Here and in the following the subscript ’cl’ points onto the deterministic or ”classical”
nature of an object as opposed to the stochastic objects with no subscripts.) The identifi-
cation of Eq.(18) as the Witten index immediately suggests that it is independent of t (see
below). The physical explanation of the topological nature of the Witten index is that it
is the representative (up to a topological factor) of the normalized partition function of the
stochastic noise,[Ovchinnikov 2013] which is independent of all the details of the model.
The meaning of the other weight function is best seen in the opposite limit of the infinitely
long temporal evolution, t→∞. Eq.(14) can be rewritten as
TrMtz =
∑
x∈fixMt
det(TMt(x) + 1ˆ)
|det(TMt(x)− 1ˆ)|
. (21)
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Matrix TMt(x) is real and its eigenvalues can be expressed as e
−λa(t)t, a = 1, ..., D, where
λ(t)’s are either real or come in complex conjugate pairs. By the argumentation that stands
behind the introduction of global Lyapunov exponents, one assumes that there exist a class
of DSs with well defined limits, limt→∞ λa(t) = λa. If none of Reλa is exactly zero,
lim
t→∞
det(TMt(x) + 1ˆ)
|det(TMt(x)− 1ˆ)|
= lim
t→∞
∏D
i=a
e−λat + 1
|e−λat − 1| = 1. (22)
Therefore, for this class of models and in the long-time limit, Eq.(21) is the number of
fixed points of Mt. These fixed points include the fixed points of the flow, F , as well as
periodic solutions/orbits that must contribute when the duration of time is a multiple of
their periods. In other words, the number of the fixed points ofMt can be interpreted as the
number of periodic solutions with the fixed points of the flow vector field being the trivial
(constant in time) realization of this concept.
Even in those situations when Eq.(21) does not represent the number of periodic solutions,
it still must be interpreted as the physical or dynamic partition function of the SDE. As it
will be discussed in Secs.V and IV, Eq.(21) is the trace of the most fundamental object of the
theory - the stochastically generalized TO and/or the finite-time Fokker-Planck evolution
operator. This identification justifies the introduction of the standard notation for the
partition function:
Zcl = TrMtz. (23)
We would also like to point out that fixed points of Mt that come from periodic solutions
are not isolated, i.e., every point of the closed trajectory is a fixed point of Mt when the
time duration is a multiple of the period. Furthermore, the fixed points of the flow vector
field (which are also the fixed points of Mt) may also be non-isolated on their own and
form submanifolds of X (e.g., the Bott-Morse case). How to count non-isolated fixed points
is not very clear within the methodology in this section. In particular, on a non-isolated
fixed point, the matrix TMt(x) has at least one eigenvalue which is exactly unity so that
the determinant in the denominator in Eq.(21) is zero and the sign in Eq.(18) is not well
defined.
This emphasizes once again the advantage of the pathintegral/operator representation
of the theory. There, such problem does not exist as the theory deals equally well with
the non-isolated fixed points of Mt. For example, in Bott-Morse case, where the Langevin
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stochastic dynamics is defined by a flow which is a gradient of some function with critical
points forming submanifolds of the phase space, every cohomology class of these invariant
manifolds provides a perturbative or local supersymmetric ground state. In result, the
perturbative-level contribution from each invariant manifold into the Witten index is (up to
a sign) its Euler characteristic. [Labastida 1989]
III. PATHINTEGRAL REPRESENTATION
In this section, the TO formalism is given a pathintegral representation. The fields
involved in this formulation are schematically presented in Fig.1.
A. Commuting fields
With the help of Eq.(12), Eq.(14) can be rewritten as
TrMtφ =
∫
φ(x(0))
N−1∏
p=0
L−∆t(x(tp), x(tp+1))dDx(tp).
Here the time domain t ∈ (0, t) is split into N segments (tp−1, tp), with tp = pt/N being
equally separated time slices, ∆t = t/N , x(tp) are the intermediate variables at the corre-
sponding times, and the periodic boundary conditions are assumed, x(tN ) ≡ x(t) = x(0).
Now we introduce an additional field B(tp) ∈ T ∗x(tp)X called Lagrange multiplier that
belongs to the cotangent space of X , in order to exponentiate the δ-functions:
M−∆t(x(tp), x(tp+1)) = δD (x(tp)−M−∆t(x(tp+1)))
=
∫
eiBi(tp)(M
i
−∆t(x(tp+1))−x
i(tp))dD
(
B(tp)
2π
)
.
Taking now the continuous-time limit (N →∞), one finds that
TrMtφ =
∫
φ(x(0))eSBDxDB, (24)
where the path integration is over the closed trajectories (periodic boundary conditions),
the action is:
SB(x,B) = lim
N→∞
i
N−1∑
p=0
Bi(tp)× (M i−∆t(x(tp+1))− xi(tp))
= i
∫
dtBi(t)
(
∂tx
i(t)− F i(x(t))) , (25)
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tN=t t0=0tN-1 t1t2
t
B(0), (0)B(t1), (t1)
x(t), (t)
x(tN-1), (tN-1)
x(t1), (t1)
x(0), (0)
B(tN-1), (tN-1)
time
x(t1), (t1)
(0)(t1)(tN-1)
FIG. 1. The fields of the pathintegral representation of the theory. The entire interval of temporal
evolution is divided into N → ∞ segments. At each time slice, tp, 0 ≤ p ≤ N , one has the
field, x(tp) ∈ X(tp), from a copy of the phase space, X(tp), and the anticommuting ghost field,
χ(tp) ∈ Tx(tp)X(tp), from the tangent space of X(tp). In between the time-slices, there are the
Langrange multiplier and the antighost, B(tp), χ¯(tp) ∈ T ∗x(tp)X(tp), both from the cotangent space
of X(tp) (or X(tp+1)). B(tp) and χ¯(tp) are needed for the exponentiation of the δ-functions
representing the infinitesimal temporal evolution of the bosonic fields and the ghosts. In case of
stochastic models, there are also variables representing the noise, ξ(tp). Integration of all the fields
with the periodic boundary conditions, x(t) = x(0), χ(t) = χ(0), leads to the Witten index. The
integration with the antiperiodic boundary conditions for the ghosts, x(t) = x(0), χ(t) = −χ(0),
gives the dynamical partition function. Integrating out only the intermediate fields and leaving
the initial, x(0), χ(0), and final, x(t), χ(t), fields unspecified, gives the finite-time Fokker-Planck
evolution operator known in the DS theory as the generalized transfer operator.
and the differential of the pathintegral is
DxDB = lim
N→∞
∏N−1
p=0
dDx(tp)d
D
(
B(tp)
2π
)
. (26)
B. Anticommuting fields
Expression (24) has the form of a pathintegral expectation value of some temporar-
ily local observable. This, however, is not quite correct because the weight functions of
interest in Eq.(II) are temporarily nonlocal function(al)s of x(t). A consistent pathinte-
gral representation of these weight functions can be achieved with the help of anticommut-
ing fields called Fadeev-Popov ghosts, χi, χ¯i, i = 1...D. The ghosts obey Berezin rules of
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integration:[Combescure and Robert 2012]∫
χidχj = −
∫
dχjχi = δij,
∫
dχi = 0, (27)
(and similar relation for the anti-ghosts χ¯i introduced below). These rules suggest in par-
ticular the following useful properties:∫
dDχ¯eχ¯iAˆ
i
jχ
j
= δD
(
Aˆχ
)
, (28)∫
dDχδD
(
Aˆχ
)
= detAˆ. (29)
Here dDχ¯ = dχ¯D...dχ¯1, dDχ = dχ1...dχD, and δD is the ”fermionic” δ-function, δD(χ) =
(−1)DχD...χ1, that behaves on integration similarly to its bosonic counterpart:∫
dDχδD(χ− ξ)f(χ) = f(ξ), (30)
where f(χ) is any function of the anticommuting field.
With the help of Eqs.(29), the weight function from Eq.(15) can be given as
w(x(0)) = det
(
1ˆ− TM−t(x(0))
)
=
∫
PBC
dDχ(0)δD
(
χ(0)− TˆM−t(x(0))χ(t)
)
, (31)
where χ(0), χ(t) ∈ Tx(t)X are the anticommuting ghosts at the corresponding times and the
subscript PBC signifies periodic boundary conditions for the ghosts: χ(t) ≡ χ(0). Using
Eq.(13) one can now utilize again the time slices’ picture of the previous subsection and
bring Eq.(31) to the following form:
w(x(0)) =
∫
PBC
N−1∏
p=0
dDχ(tp)δ
D
(
χ(tp)− TM−∆t(x(tp))χ(tp+1)
)
. (32)
Just as in the case of bosonic fields, one can further exponentiate the integrand in the
previous expression with the help of Eq.(28) and by the introduction of yet another anti-
commuting ghost field from the cotangent space of X , χ¯(tp) ∈ T ∗x(tp)X . In the continuous
time limit, N →∞, one arrives at
w(x(0)) =
∫
PBC
eSFDχDχ¯, (33)
where
SF (x, χ, χ¯) = i lim
N→∞
N−1∑
p=0
χ¯i(tp)×
(
χi(tp)− TM−∆tij(x(tp))χj(tp+1)
)
= −i
∫
dtχ¯i(t)
(
∂tχ
i(t)− Fˆij(x(t))χj(t)
)
, (34)
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with Fˆ from Eq.(8), and the integration measure being
DχDχ¯ = lim
N→∞
∏N−1
p=0
dDχ(tp)d
D(iχ¯(tp)). (35)
The factor i is not necessarily and it can be absorbed by the redefinition of the antighost
field, χ¯. The reason for its introduction is to bring the operator of Q symmetry below to its
conventional form.
C. Emergence of Topological Supersymmetry
Combining Eqs. (25) and (34), one finds
Wcl =
∫
PBC
eScl(Φ)DΦ, (36)
where Φ = (x,B, χ, χ¯) is the collection of all the fields, the total functional differential is
DΦ = DxDBDχDχ¯ defined in Eqs.(26) and (35), and the total action, Scl = SB + SF , is
the sum of the bosonic and fermionic parts from Eqs.(25) and (34).
As it can be straightforwardly verified, the action of the theory is Q-exact, i.e., it can be
represented as
Scl(Φ) = {Q,Ψcl(Φ)}, (37)
where Q is the nilpotent operator, that is {Q, {Q, X(Φ)}} = 0, ∀X(Φ), of the topological
supersymmetry and/or Becchi-Rouet-Stora-Tyutin symmetry
{Q, X(Φ)} =
∫
dt
(
χi(t)
δ
δxi(t)
+Bi(t)
δ
δχ¯i(t)
)
X(Φ),
acting on the so-called gauge fermion,
Ψcl(Φ) = i
∫
dtχ¯i(t)
(
∂tx
i(t)− F i(x(t))) . (38)
The wideast class of models with Q-exact actions, such as the one in Eq.(36), are
the cohomological field theories. [Birmingham et al. 1991, Witten 1988a, Witten 1988b,
Labastida 1989, Frenkel et al. 2011, Blau 1993, Atiyah and Jeffrey 1998, Anselmi 1997]
Such theories allow for the calculation of certain topological invariants as expectation values
of Q-closed operators on supersymmetric states. We will discuss this issue in some more
details in Sec.IIIH below.
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D. Generalization to non-autonomous DS
The above derivations can be generalized to cases of nonautonomous DSs, i.e., to DSs
with time dependent flow fields. Indeed, let us note that the derivations that led to from
Eq.(14) to Eq.(36) did not rely on the assumption that the flow vector field has no explicit
dependence on time. Thus, these steps can be repeated also for time dependent flows,
F (x, t). The only difference this will lead to is the substitution F (x(t))→ F (x(t), t) in the
definition of the gauge fermion in Eq.(38).
E. Stochastic generalization
Moreover, it is possible to generalize further to the case of stochastic external influence,
i.e., the noise. First, let us isolate the time dependent part of the flow in the following
manner:
F i(x, ξ(t)) = F i(x) + (2Θ)1/2eia(x)ξ
a(t). (39)
Here functions eia(x) can be interpreted as vielbeins, ξ
a(t) are parameters representing ex-
ternal influence, and Θ is its temperature/intensity.5 In the literature on stochastic DSs,
the situations with coordinate-dependent/independent vielbeins are often called multiplica-
tive/additive noise.
One considers now the stochastic expectation value of the Witten index:
W = 〈Wcl(ξ)〉Ns ≡
∫
Wcl(ξ)P (ξ)Dξ, (40)
where P (ξ) is the normalized probability density functional of the configurations of the
noise. P (ξ) can be of a very general form. For example, the noise can be nonlocal in time,
nonlinear, and it can as well have a non-vanishing ”classical” component, 〈ξ(t)〉Ns 6= 0. In
Eq.(40),
Wcl(ξ) =
∫
PBC
eScl(Φ,ξ)DΨ, (41)
with the action Scl(Φ, ξ) = {Q,Ψcl(Φ, ξ)} defined by the gauge fermion
Ψcl(Φ, ξ) = i
∫
dtχ¯i(t)
(
∂tx
i(t)− F i(x(t), ξ(t))) . (42)
5 The definition of temperature here is conventional for the literature on SDEs, and it differs by the factor
of 2 from that was used in Ref.[Ovchinnikov 2013].
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Integrating out ξ’s, one arrives at the new action
S(Φ) = Scl(Φ) + ∆S(y), (43)
where S is from Eq.(37), while the part provided by the noise is
∆S(y) = log〈e
∫
t
ya(t)ξa(t)〉Ns
=
∞∑
k=1
∫
dt1...dtk(k!)
−1Ca1..ak(k) (t1...tk)
k∏
j=1
yaj (tj), (44)
with C’s being the (irreducible) correlators of the noise and
ya(t) = {Q,−i(2T )1/2χ¯i(t)eia(x(t))}. (45)
Due to the nilpotency of the differentiation by Q, i.e., {Q, {Q,Φ}} = 0, the product of
any number of Q-exact factors is Q-exact itself, {Q, X1}{Q, X2}... = {Q, X1{Q, X2}...}.
Therefore, ∆S in Eq.(44), which is a functional only of Q-exact y(t)’s, is Q-exact together
with the entire new action
S = {Q,Ψ(Φ)}, (46)
with the new gauge fermion being
Ψ(Φ) = Ψcl(Φ) +
∞∑
k=1
∫
dt1...dtk(2T )
k/2(k!)−1Ca1..ak(k) (t1...tk)
×(−iχ¯i1(t1))ei1a1(x(t1))
k∏
j=2
{Q,−iχ¯ij (tj)eijaj (x(tj))}, (47)
and with Ψcl(Φ) from Eq.(38). Therefore, after the generalization to non-autonomous and/or
stochastic DSs, the model is still of topological nature:
W =
∫
PBC
eS(Φ)DΦ. (48)
F. Gaussian white noise
For the Gaussian white noise, for which Cab(2)(t1t2) = δ
abδ(t1 − t2) and all the other C’s
vanish, the gauge fermion has the following form:
Φ(Φ) =
∫
dt(iχ¯i∂tx
i − j(Φ(t))), (49)
j(Φ(t)) = iχ¯i
(
F i(x)− Tgij(iBj − Γ˜lkjχk(iχ¯l))
)
, (50)
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where gij = (g
ij)−1 = eai e
a
j is the ”noise-induced” metric and
Γ˜kji = −eai ∂jeka = eka∂jeai , (51)
is the Weitzenbo¨ck connection that has a non-vanishing torsion and zero curvature tensor
(see, e.g., Ref.[De Andrade and Pereira 1997]). Γ˜ is compatible with the metric:
∇˜igjk = ∂igjk + Γ˜jipgpk + Γ˜kipgpj = 0. (52)
G. Dynamic partition function
The trace of TO with the weight function from Eqs.(16) also admits a pathintegral
representation similar to Eq.(48). Using again (29), the weight function from Eq.(16) can
be represented as
z(x(0)) = det
(
1ˆ + TM−t(x(0))
)
=
∫
APBC
δD
(
χ(0)− TM−t(x(0))χ(t)
)
dDχ(t), (53)
where the subscript indicates antiperiodic boundary conditions: χ(t) = −χ(0). This is
the analogue of Eq.(31) with the only difference in the boundary conditions for the ghosts.
This difference, however, does not interfere with the steps that led from Eq.(31) to Eq.(48).
Therefore:
Z = 〈Zcl(ξ)〉Ns =
∫
APBC
eS(Φ)DΦ, (54)
with S(Φ) defined in Eq.(43) and with Zcl being the deterministic dynamic partition function
defined in Eq.(23). According to the discussion at the end of Sec.II, in the t→∞ limit and
for some DSs, Eq.(54) represents the stochastically averaged number of periodic solutions. It
is also worth noiting that the antiperiodic boundary conditions for ghosts are not compatible
with the Q-symmetry so that Z is not of topological character and in particular depends on
many parameters of the model as well as on the duration of temporal propagation.
H. STS and Cohomological Theories
Finalizing the discussion in this section we would like to clarify here the follow-
ing subtle point. Within the formulation of the cohomological field theories (see, e.g.,
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[Birmingham et al. 1991]), besides the requirement on the Q-exact action one also restricts
his attention to the expectation values of Q-closed operators (topological or BPS observ-
ables, [Frenkel et al. 2011]) on supersymmetric states. In STS, on the other hand, one is
interested primary in the ground states of the theory. In ”chaotic” situations that are most
intriguing from the point of view of richness of dynamics, the ground states of the model
are non-supersymmetric. Therefore, the STS can not be identified as a full-flegded cohomo-
logical field theory.
Nevertheless, the STS and the cohomological field theories have very close connection.
In particular, the Witten index (48) is of topological origin and it is actually a standard
pathintegral representation of the corresponding cohomological theory. Furthermore, when
the Q-symmetry is not spontaneously broken and one is interested in the physical limit of
the infinitely long temporal evolution, he can restrict his attention to only the ground states
that are all supersymmetric. Studying the expectation values of collections of only Q-closed
operators on these states will turn the STS into a cohomological theory. In fact, the response
operators in Sec.VIB below are Q-exact and thus are Q-closed. In this case, however, the
expectation values of these response operators vanish in case of unbroken Q-symmetry thus
providing no interesting information except that the model does not exhibit the spontaneous
long-range memory/response, i.e., the butterfly effect.
Moreover, in the cohomological theories one is often interested in calculating expectation
values of Q-closed operators on instantons (see, e.g., Ref.[Anselmi 1997]) - the classical
solutions that connect invariant manifolds of different stability. Instantons and the BPS
observables on them may also be useful for certain purposes in the STS. For instance,
instantons can be physically realized as quenches. Upon a quench, the parameters of a DS
are abruptly changed and the DS suddenly finds itself away from its (new) stable attractors.
In some realizations, this new initial position may as well lie on the boundary of the new
attraction basins.
One example of such a situation is a quench across a symmetry breaking phase transition.
There, the initial position right after the quench is the state with the order parameter zero
everywhere, while the new attractors (below the transition point) are various solitonic con-
figurations of a non-zero order parameter. The quench evolution is a complicated instanton
connecting the initial position and one of the stable attractors. The expectation values of
Q-closed operators may be useful in this situation, e.g., for the purpose of the classification
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of the attractors/solitonic configurations and perhaps even for the analysis of the probability
to end up (after the quench) in one or another solitonic configuration.
Interestingly enough, from the results of Ref.[Frenkel et al. 2011] it follows that the ef-
fective low-energy theory of any instanton/quench is a log-conformal field theory. In other
words, even quenches that are not across a phase transition must exhibit the long-range
chaotic order. A natural example of this behavior is, e.g., the Barkhausen effect or the crum-
pling paper that can be viewed as a ”slow” quench and that exhibits the long-range chaotic
order in the form of the algebraic statistics of observables related to the avalanches/crackles
such as the ”mass” of the avalanches or the waiting time between the avalanches. The
emergence of the long-range chaotic order in the effective low-energy theories of instan-
tons/quenches can be attributed to the intrinsic breakdown of the Q-symmetry within any
instanton.
Instantons on their own can not represent, however, the global ground state of a DS
because instantons must be compensated by anti-instantons in order to implement the peri-
odic boundary conditions in time. Nevertheless, the methodology of the BPS or topological
observables on instantons may find its application even for the studies of the global ground
states. One such possibility is the use of the instantoic matrix elements (in combination of
with their anti-instantonic counterparts) for the construction of the effective low-energy the-
ories of the noise-induced chaotic DSs, in which Q-symmetry is broken by the condensation
of (anti-)instantonic configurations that from the physical point of view are the noise-induced
tunneling matrix elements between, e.g., different attractors (see Sec.VIC).
IV. OPERATOR REPRESENTATION
One can now pass to the operator representation of the theory where x’s and χ’s are
diagonal, whereas
iBˆ = ∂/∂x, i ˆ¯χ = ∂/∂χ. (55)
The Taylor expansion in χ’s of a wavefunction, ψ(x, χ), terminates at the D’th term:
ψ(x, χ) =
∑D
k=0
1
k!
ψ(k)(x), (56)
ψ(k)(x) = ψi1...ik(x)χ
i1 ...χik , (57)
because all combinations χi1 ...χik with k > D vanish due to the anticommutativity of ghosts.
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For white noises (but not necessarily Gaussian noises), the time evolution of a wavefunc-
tion is given by the Fokker-Planck equation
∂tψ = −Hˆψ. (58)
The explicit form of the Fokker-Planck operator can be established in accordance with the
rules of the bi-graded Weyl symmetrization, which is equivalent to the Stratonovich approach
to SDEs, of its pathintegral expression in
S =
∫
dt(iBi∂tx
i − iχ¯i∂tχi −H(Φ)), (59)
where
H(Φ) = {Q, j(Φ)} , (60)
and for Gaussian white noise j is given in Eq.(50). The Fokker-Planck operator is: (see
Appendix for details of the derivation)
Hˆ = [dˆ, jˆ]. (61)
Here dˆ = χi∂/∂xi is the conserved No¨ther charge associated with the Q-symmetry so that
[dˆ, Hˆ ] = 0. (62)
The operator version of Eq.(50), jˆ = ∂/∂χiF i + Θ ˆ¯d, with ˆ¯d = −∂/∂χigij ˆ˜∇′j and ˆ˜∇′j =
∂/∂xj − Γ˜lkjχk(∂/∂χl), is sometimes interpreted in the literature as the probability current.
In Eqs.(61) and (62) we introduced the bi-graded commutator of operators. It is defined
as an anti-commutator if both operators are fermionic, i.e., have odd total number of χ’s
and ∂/∂χ’s, and as a commutator otherwise so that in Eqs.(61) and (62) it is respectively
the anti-commutator and commutator.
Note also that the Fokker-Planck operator (61) can not be recognized as N=2 supersym-
metric as in Langevin SDEs because in general jˆ2 6= 0 and Eq.(61) can not be represented
as a square of an operator with mixed ghost degree. Neither can it be given as a square of
a fermionic operator as in case of Kramers Eq. [Tailleur et al. 2006] In a general case, a dˆ-
exact evolution operator can only be recognized as that of a topological quantum mechanics
[Labastida 1989] or as the (1, 0) supersymmetry.
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The Fokker-Planck operator is a real but not Hermitian operator, Hˆ 6= Hˆ†. Its eigenvalues
are either real or come in complex conjugate pairs, whose DS theory counterparts are known
as Ruelle-Pollicott (RP) resonances:
Er = Γr, E±p = Γp ± iEp. (63)
Here, the real parts of the eigenvalues, Γ’s, are the attenuation rates or inverse lifetimes
of the eigenstates, while the imaginary parts, E’s, can be looked upon as energies in the
quantum mechanical sense.
The ground state can be uniquely defined (up to the Q-symmetry degeneracy) for each
spectrum in Fig.2 with the help of two arguments. The first one is straightforward: the
ground state must have the lowest possible attenuation rate, Γn, so that only the ground
states survive a sufficiently long temporal Fokker-Planck evolution of any wavefunction,
whereas all the other eigenstates will be exponentially suppressed. The second argument is
more subtle. If there are more than one such eigenstates with different imaginary parts of the
eigenvalues, E ′ns, than the ground state is the one with the lowest En. The same argument
applies to the unitary quantum mechanical models, in which in our terms all Γ’s are zero.
One of the justifications for this argument is the possibility to Wick rotate time a little
(t → t + 0+) so that the so-chosen ground state would provide the dominant contribution
into the dynamic partition function in the long-time limit.
An operator with this form of spectrum can be recognized as pseudo-Hermitian.
[Mostafazadeh 2002, Mostafazadeh 2013] In particular, it must possess the so-called ηT -
symmetry, where η stands for the nontrivial metric on the Hilbert space such that
ηˆ−1Hˆηˆ = Hˆ†. (64)
The eigenstates with complex conjugate eigenvalues (RP resonances) must be ηT -partners.
Therefore, if the ground state of the model is one of the RP resonances (see Fig.2), the
ηT -symmetry must be spontaneously broken.
The eigenstates of the Fokker-Planck operator constitute a complete bi-orthogonal basis
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FIG. 2. Various Fokker-Planck spectra in relation to the phenomenon of the spontaneous break-
down of Q-symmetry. Among all the eigenstates with Γn = minn Γn ≡ Γg, the ground state
(indicated as black circles) is the one with the lowest En. There always exist at least one Q-
symmetric ”thermodynamic equilibrium” (TE) eigenstate (gray circle at the origin, see discussion
in Sec.VI). This state is among the ground states only when Q-symmetry is not broken sponta-
neously (a) so that after infinitely long temporal evolution the DSs is always at its TE. Figs. (a)
and (b) correspond to cases when Γg = 0. For all except (a) the topological supersymmetry is
broken. The ηT-time reversal symmetry (see discussion after Eq.(63)) is broken for (b), (d), (f).
Some forms of spectra may not be realizable, however, as is discussed in Sec.VIA 2.
in the Hilbert space:
Hˆψn(xχ) = Enψn(xχ), (65)
ψ¯n(xχ)Hˆ = ψ¯n(xχ)En, (66)
〈〈n|k〉〉 =
∫
dDxdDχψk(xχ)ψ¯n(xχ) = δnk, (67)∑
n
|n〉〉〈〈n| =
∑
n
ψn(xχ)ψ¯n(x
′χ′) = δD(x− x′)δD(χ− χ′), (68)
where we introduced the standard notations of the models with pseudo-Hermitian evolution
operators for the bra’s and ket’s: |n〉〉 = ψn(xχ), 〈〈n| = ψ¯n(xχ). Bra’s and ket’s are related
through the non-trivial metric on the Hilbert space: 〈〈n| = ∑k〈k|ηkn, where 〈k| is the
conventional conjugation of a ket, 〈k| = ⋆ψ∗k, i.e., the combination of Hodge and complex
conjugations, and the Hilbert-space metric is (η−1)nk = 〈k|n〉 ≡
∫
X
ψn ∧ (⋆ψ∗k).
Eigenstates can be either Q-symmetric or not. By definition, Q-symmetric eigenstates,
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that we call θ’s, are such that 〈〈θ|[dˆ, Xˆ]|θ〉〉 = 0 for any Xˆ . This requirement is equivalent
to the following:
dˆ|θ〉〉 = 0, 〈〈θ|dˆ = 0. (69)
Clearly, all Q-symmetric states have zero eigenvalues because the Fokker-Planck operator is
d-exact.
A non-Q-symmetric state does not satisfy at least one of the conditions (69). If, for exam-
ple, Hˆ|ϑ〉〉 = Eϑ|ϑ〉〉 and |ϑ′〉〉 = dˆ|ϑ〉〉 6= 0, then Hˆ|ϑ′〉〉 = Eϑ|ϑ′〉〉 because dˆ is commutative
with the Fokker-Planck operator. Furthermore, dˆ|ϑ′〉〉 = dˆ2|ϑ〉〉 ≡ 0 because dˆ is nilpotent.
The same reasoning applies to the opposite situation when 〈〈ϑ|Hˆ = 〈〈ϑ|Eϑ and 〈〈ϑ|dˆ 6= 0.
In this manner, all non-Q-symmetric states come in the boson-fermion (B-F) pairs, i.e., the
pairs of states with odd and even number of ghosts.
It is also easy to see that all eigenstates with non-zero eigenvalues are non-Q-symmetric.
Consider an eigenstate Hˆ|ϑ〉〉 = Eϑ|ϑ〉〉, Eϑ 6= 0. If dˆ|ϑ〉〉 6= 0, then the pairing is obvious due
to Eq.(62). If, in contrary, dˆ|ϑ〉〉 = 0, when it follows immediately that |ϑ〉〉 = dˆ|ϑ′〉〉, where
|ϑ′〉〉 = jˆ|ϑ〉〉/Eϑ and we used Eq.(61). Thus, in this situation |ϑ〉〉 is a member of a B-F pair
too.
Each B-F pair can be parametrized by a single bra-ket pair, 〈〈ϑ˜| and |ϑ˜〉〉, in the following
manner:
〈〈ϑ˜|dˆ, |ϑ˜〉〉,
〈〈ϑ˜|, dˆ|ϑ˜〉〉, (70)
with 〈〈ϑ˜|dˆ|ϑ˜〉〉 = 1, whereas 〈〈ϑ˜|ϑ˜〉〉 = 0.
The operator representation of the Witten index Eq.(36) is:
W = Tr(−1)Fˆe−tHˆ , (71)
where
Fˆ = χi
∂
∂χi
, (72)
is the ghost number operator commutative with Hˆ so that it is a good quantum number:
Fˆ |n〉〉 = Fn|n〉〉. (73)
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The inclusion (−1)Fˆ appears in Eq.(71) due to the unconventional periodic boundary con-
ditions for the anticommuting ghosts.
The B-F pairs of the non-Q-symmetric eigenstates from (70) do not contribute into the
Witten index
W =
∑D
k=0
(−1)kNk, (74)
where Nk = #{θ|Fθ = k} is the number of Q-symmetric eigenstates with k ghosts. This
expression is the STS counterpart of Eq.(19).
As is seen from Eq.(74), the Witten index is independent of time duration, t. Therefore,
W can be evaluated, for instance, in the t→ 0 limit. In this limit, Mt → IdX in Eq.(40) for
any configuration of the external noise, ξ. For the identity map, Eq. (19) says that Wcl(ξ)
equals the Euler characteristic of X (for closed X). Stochastic averaging in Eq.(40) of a
constant yields the same constant and we have arrived at the conclusion that the Witten
index equals the Euler characteristic of the closed phase space for all smooth enough flow
vector fields and for Gaussian white noises of arbitrary temperature and metric.
For more general situation of non-compact phase spaces, the Witten index must be inter-
preted as the winding number of the Nicolai map provided by the SDE. [Ovchinnikov 2013]
In this case, it may depend not only on the topology of the phase space but also on the
behavior of the flow vector field at infinities and on the choice of the class of wavefunctions
that constitutes the Hilbert space.
As to the dynamic partition function, its operator representation expression has the
following form:
Z = Tre−tHˆ . (75)
As compared to the Witten index, Eq.(75) is missing the topological factor (−1)Fˆ as a result
of different (antiperiodic) boundary conditions for the ghosts in Eq.(54).
We would like to stress here that in the literature on, e.g., N=2 supersymmetric quantum
mechanics and sigma models, it is often said that the dynamic partition function (75) is the
result of the Wick rotation of the real time, t′ = i×t. This is not true from the point of view of
stochastic dynamics. The time, t, is the original time of the Fokker-Planck evolution and not
the Schro¨dinger evolution. This explains the absence of the imaginary unity in the exponent.
The direct quantum analogue of Eq. (75) is the generating functional, Z = Tre−itHˆ
′
, where
Hˆ ′ is the Hamiltonian of the quantum model under consideration.
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Another comment applies to the seeming similarity of Eq.(75) with the statistical of
thermodynamic partition function of a quantum system, Z ′ = Tre−Hˆ
′/Θ. The relation of
Z ′ to the story of stochastic quantization is as follows. The statistical analogue of Z ′ is
the partition function of the steady-state total probability distribution in the phase space.
This probability distribution can be called the thermodynamic equilibrium (TE) state. In
Sec.(VI), we will discuss that for physically meaningful models such TE state always exist.
Accordingly, the statistical analogue of Z ′ is the normalization constant of the TE state.
V. STS OF GTO
In the DS theory, there is a fundamental object of interest known as generalized TO
(GTO). [Ruelle 2002] The GTO is a way to account for the effect of stochastic noise. In this
section, it is demonstrated that the STS provides a systematic framework for the formalism
of the GTO, which turns out to be nothing more than the finite-time Fokker-Planck evolution
operator.
A. Hilbert space and exterior algebra
Following Ref.[Witten 1982], one can identify the ghost operators with the exterior and
interior multiplications:
χi = dxi∧, ∂/∂χi = ı∂/∂xi . (76)
Accordingly, the Hilbert space is the (complex-valued) exterior algebra, H = Ω(X), and
wavefunctions with k ghosts are the differential k-forms on X , ψ(k) ∈ Hk ≡ Ωk(X), so that
Eq.(57) should read:
ψ(k)(x) = ψi1...ik(x) ∧kl=1 dxil . (77)
In this picture, dˆ = dxi ∧ ∂/∂xi is the exterior derivative or the De Rahm operator, and the
Fokker-Planck operator from Eq.(61) is:
Hˆ = LˆF − T△, (78)
where LˆF = [dˆ, ıF ]+ is the Lie derivative representing the physical flow along the flow vector
field and the operator of the noise-induced diffusion, −△ = [dˆ, ˆ¯d], is a member of the family
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of Laplace operators. Surprisingly enough, the Laplacian of the stochastic quantization is
not always the Hodge Laplacian (see Appendix).
The bra-ket combination of any eigenstate has the meaning of the total probability dis-
tribution:
ψn ∧ ψ¯n = Pn(x)dx1 ∧ ... ∧ dxD ∈ ΩD(X). (79)
Bra’s and ket’s themselves have the meaning of marginal and conditional probability dis-
tributions. For each bra-ket pair, the marginal probability distribution is the one which is
dˆ-closed, i.e., satisfies dˆψn = 0 or ψ¯ndˆ = 0. A dˆ-closed differential form has no coordinate de-
pendence in those variables, in which it is not a distribution (has no differential/ghost), just
like a marginal conditional probability should. Note, that for each eigenstate, Q-symmetric
or not, either bra or ket satisfies this condition as is seen from Eqs.(69) and (70) (for the non-
Q-symmetric B-F pairs this follows also from dˆ2 = 0). At this, for Q-symmetric eigenstates
both bra and ket are dˆ-closed. This is the situation of statistical independence. Eqs.(69) are
necessary conditions for the possibility of the introduction of global coordinates on X such
that the bra and ket have no dependence on coordinates in which they are not distributions.
Let us recall now that in the deterministic limit, the bra’s and ket’s of Q-symmetric
eigenstates are the Poincare´ duals of the global stable and unstable manifolds (up to the
factors from the cohomology of the invariant manifold, on which these stable and unstable
manifolds intersect). In other words, the bra/ket is a delta-functional conditional probabil-
ity distribution of the unstable/stable variables transverse to the stable/unstable manifolds.
[Ovchinnikov 2013] That the bra/ket of a Q-symmetric eigenstate represents the unsta-
ble/stable variables must also be true for stochastic cases. From this and from the discussion
in the previous paragraph, it follows that one way to understand the phenomenon of the
spontaneously broken topological supersymmetry is that the stable and unstable variables
are not statistically independent within the ground state.
B. Definition of GTO and the inverse map
The GTO, Mˆ : H → H, is defined as a stochastically averaged pullback induced by a
stochastic map. In our case of a stochastic flow,
Mˆt = 〈M∗−t(ξ)〉Ns, (80)
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where M∗−t(ξ) is the pullback induced by M−t(ξ) defined by the time-dependent flow vector
field in Eq.(39), and the notation for the stochastic averaging is introduced in Eq.(40).
Let us clarify at this point why in formulas for traces the inverse map shows up, M−t, and
not the forward mapMt. The point is that the changes in wavefunctions are solely due to the
coordinate transformation provided by the flow. In order to get the expression for the final
wavefunction, one has to take the expression for the initial wavefunction in coordinates, xinit,
and make the formal coordinate transformation to the ”final” coordinates, xfin = M−t(xinit).
This transformation is the pullback by the inverse map, M−t.
C. Unconditional existence of Q-symmetry and discrete-time dynamics
A pullback is a linear operator onH so that the stochastic averaging, which is essentially a
weighted summation of pullbacks at different ξ’s, is well defined. Now, it immediately follows
that the GTO is commutative with the exterior derivative because the exterior derivative
commutes with any pullback:
[Mˆt, dˆ]− = 0. (81)
The commutativity of the GTO with the exterior derivative does not depend on any as-
sumption about the model except for the invertibility of the map (at fixed noise), which is
always the case for the continuous-time dynamics. Thus, discrete-time DSs with invertible
maps must also possess Q-symmetry.
Only discrete-time DSs with non-invertible maps may have Q-symmetry broken explic-
itly, i.e., the exterior derivative may not commute with the GTO. This explicit breakdown
may turn out to be one of the ways to understand why discrete-time DSs may exhibit chaotic
behavior in lower-than-three dimensional phase-spaces, unlike the continuous-time (deter-
ministic) DSs that can be chaotic only if the dimensionality of the phase space is three and
higher.
D. Finite-time evolution operator
In the deterministic limit, the equivalence between the pullback, M∗−t, and the finite-time
Fokker-Planck evolution operator is seen from the definition of the Lie derivative
∂tM
∗
−t(ξ)ψ(0) = −LˆF (ξ(t))M∗−t(ξ)ψ(0), (82)
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where the noise modified time-dependent flow vector field is from Eq.(39) and ψ(0) is any
initial wavefunction. Formal integration gives
M∗−t(ξ) =: e
−
∫ t
0 LˆF (ξ(t′))dt
′
:, (83)
with columns denoting chronological ordering. It is now clear that Eq.(83) is the finite time
deterministic evolution operator:
ψ(t) =: e−
∫ t
0 LˆF (ξ(t′))dt
′
: ψ(0), (84)
while Eq.(82) is the deterministic Fokker-Planck equation (58):
∂tψ(t) = −LˆF (ξ(t))ψ(t), (85)
with the deterministic evolution operator obtained from Eq.(78) by setting Θ = 0 and by
letting the flow vector field to be time-dependent.
To see that this also holds for the GTO, i.e., after the stochastic averaging, let us turn back
to the pathintegrals’ language. We use again the ghost representation of the wavefunctions
in Eq.(57). Now, the deterministic pullback (with a fixed noise configuration) can be given
the following operator form
M∗−t(ξ, x(t), χ(t)|x(0), χ(0)) = δD(x(0)−M−t(x(t)))
× δD(χ(0)− TM−t(x(0))χ(t)), (86)
so that the finite time evolution is
ψ(t, x(t), χ(t)) =
∫
dDx(0)dDχ(0)M∗−t(ξ, x(t), χ(t)|x(0), χ(0))
× ψ(0, x(0), χ(0)). (87)
This expression emphasizes once again the linearity of the pullback on H. It is also seen that
Eq.(86) is independent of the coordinates - on invertible smooth orientation preserving trans-
formation of coordinates the Jacobians coming from the bosonic and fermionic δ-functions
will cancel each other. The coordinate independence is the essence of the supersymmetric
description of SDEs.
Now, one recalls the time slices picture of Sec. III, (see Fig.1), introduces the Lagrange
multiplier, B, and the antighost field, χ¯, and arrives at
M∗−t(ξ, x(t), χ(t)|x(0), χ(0)) =
∫
eScl(Φ,ξ)DΦ. (88)
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Here the deterministic action is from Eq.(41), and the pathintegral is over paths that connect
the ”in”, x(0), χ(0), and ”out”, x(t), χ(t), arguments of the evolution operator in Eq.(87).
The next step is to integrate out ξ’s in the same manner as it was done in Sec.III E. This
will substitute Scl(Φ, ξ) by the action S(Φ) defined in Eq.(43):〈∫
eScl(Φ,ξ)DΦ
〉
Ns
=
∫
eS(Φ)DΦ. (89)
At last, one can get back to the operator representation by integrating out B’s and χ¯’s and
arrive for Gaussian white noise at ∫
eS(Φ)DΦ = e−tHˆ . (90)
This proves that the GTO is nothing else but the the finite-time Fokker-Planck evolution
operator:
Mˆt = e−tHˆ . (91)
The operator version of this derivation, which unambiguously resolves the Ito-Stratonovich
dilemma, is given at the end of the Appendix.
E. Flat traces of GTO
The fundamental objects of study in the DS theory are the so called sharp traces (and
determinants) of the GTO. Those, in turn, are defined through the so called flat traces of
the GTO. The flat trace of degree k is the trace of Mˆ over Hk:
Tr♭kMˆ(k)t ≡ TrHke−tHˆ
(k)
=
∑
Fn=k
e−tEn , (92)
where Mˆ(k)t ≡ e−tHˆ(k) together with Hˆ(k) are projections on Hk. The relation of the flat
trace to the Ruelle-Frobenius-Perron TO in Sec.II can be established by considering the
coordinate version of the action of the pullback on a wavefunction (77)
M∗−tψ
(k)(x) = ψi1...ik(x
′) ∧kl=1 (dx′)il, (93)
where x′ = M−t(x) and (dx
′)i1 = TM−t
i1
i˜1
(x)dxj is the tangent map (6) of differentials
induced by M−t (functional dependence on the noise configuration, ξ, is tacitly assumed in
the above formulas).
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In the standard manner, the trace of Eq.(93) is:
Tr♭kMˆ(k)t =
〈∑
x=fixM−t
Tr∧kTM−t(x)
|det(1−TM−t(x))|
〉
Ns
, (94)
where the sum and the denominator come from the ”deterministic” trace over bosonic fields,
while the fermionic trace is over the extension of the tangent map (6) on the kth exterior
power of the tangent space, ∧kTM−t(x) : ∧kTxX → ∧kTM−t(x)X ,
Tr ∧k TM−t(x) =
∑
i1<...<ik
ı∂/∂xik ...ı∂/∂xi1 ∧kl=1 (dx′)il = mk(x),
with mk(x) from Eq.(17). Thus
Tr♭kMˆ(k)t = 〈TrMtmk〉Ns. (95)
F. Traces and determinants of GTO
Finally, the so called sharp and counting (ordinary) traces of the GTO are recognized as
the Witten index and the dynamic partition function:
Tr♯Mˆt =
∑D
k=1
(−1)kTr♭kM(k)t =W, (96)
TrcMˆt =
∑D
k=1
Tr♭kM(k)t = Z. (97)
Complementary to these, the DS theory also deals with the sharp and counting determinants
of the GTO:
Det♯(1ˆ− zMˆt)−1 =
∏D
k=0
Det♭k(1ˆ− zM(k)t )(−1)
k+1
=
∏
n
(1− ze−tEn)(−1)Fn+1, (98)
Detc(1ˆ− zMˆt)−1 =
∏D
k=0
Det♭k(1ˆ− zM(k)t )−1
=
∏
n
(1− ze−tEn)−1. (99)
The notation for the determinant here is capitalized to emphasize that this is a determinant
of an operator on the infinite-dimensional Hilbert space, unlike the finite-dimensional phase-
space determinants we encountered previously.
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VI. DISCUSSION
In the previous section it was established that the operator representation of the STS is
merely the GTO formalism of the DS theory. As compared to the DS theory, however, the
STS provides one very important piece of understanding. This is the understanding that all
the SDEs possess topological supersymmetry.
An immediate consequence of the topological supersymmetry of SDEs is the trivialization
of Eqs.(96) and (98). Because of the B-F pairing of the non-Q-symmetric states, the sharp
trace of the GTO is a topological invariant, W . By the same token, the sharp determinant
of the GTO simplifies as:
Det♯(1ˆ− zMˆt)−1 = (1− z)−W . (100)
A. Spectrum of the Fokker-Planck Operator
Another utility of the existence of Q-symmetry is the first theoretical explanation of
the emergence of ubiquitous long-range correlations (1/f noise) in chaotic DSs. Those
can be attributed to the spontaneous breakdown of Q-symmetry. [Ovchinnikov 2011,
Ovchinnikov 2013] This explanation together with the picture of the Q-symmetry break-
ing is of ultimate importance for applications. Related to the Q-symmetry breaking, in
turn, is the form of the spectrum of Hˆ . Indeed, the Q-symmetry is definitely broken when
the ground state has non-zero eigenvalue, while which of the eigenstates are the ground
states of the model is uniquely determined by the spectrum of Hˆ (see Fig.2). On the other
hand, the DS theory provides numerous theorems that address the spectrum of GTO. Thus,
the STS of the GTO established in Sec.V may prove useful by shedding some additional
light on the spectrum of Hˆ and thus on the issue of Q-symmetry breaking.
One of the theorems from the DS theory [Ruelle 2002, Ruelle 1990] assures that under
certain conditions det ♭k(1 − zMˆ(k)t ) for any k has no poles (is meromorphic) for |z| < e−P ,
where P is some model specific constant related to a parameter called pressure.
As is seen from Eq.(99), the logarithms of the positions of the poles of the GTO’s de-
terminants correspond to the eigenvalues of Hˆ . Therefore, the theorem seemingly assures
that the attenuation rates of the eigenvalues in Eq.(63) are bounded from below. 67 In
6 From various theorems of the classical DSs theory is follows that this is true even in the deterministic
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other words, for the ground state Γg = minn Γn > −∞. In many cases spectral theorems
also suggest that at |z| = e−P there is a single real pole at z = e−P . This statement has
been supported by numerical analysis of some DSs (see, e.g., Ref.[Horvat and Veble 2009]).
In terms of the spectrum of the Fokker-Planck operator this means that the ground states
eigenvalue is real, Eg = Γn. The same picture seems to appear from the physical arguments
in the forthcoming discussion.
1. Unbroken Q-symmetry: thermodynamic equilibrium
One of the requirement on Γg is that it can not be positive. This is straightforwardly seen
for models with non-zero Witten index, which must possess Q-symmetric state(s) of zero
eigenvalue. In fact, one zero-eigenvalue dˆ-symmetric eigenstate from ΩD(X) must always
exist for physically meaningful models. To see this, let us note that all non-dˆ-symmetric
eigenstates from ΩD(X) are in fact dˆ-exact. Indeed, such states come in the B-F pairs of
the form, |ϑ˜〉〉 and dˆ|ϑ˜〉〉 (see Eq.(70)). Therefore, all members of the B-F pairs from ΩD(X)
can only be of the form dˆ|ϑ˜〉〉. The integral of such wavefunctions over the phase space is
zero:
∫
X
dˆ|ϑ˜〉〉 = ∫
∂X
|ϑ˜〉〉 = 0, provided that ∂X = 0 or that the wavefunction is zero at the
boundary of the phase space or at the spatial infinity for non-compact phase spaces.
On the other hand, any physical wavefunction from ΩD(X) must be such that
∫
X
ψ = 1.
The meaning of this requirement is that the probability of finding the DSs in the entire
phase space must be unity. Clearly, any physical wavefunction can not be resolved in the
eigenstates of Hˆ unless there is at least one eigenstate, whose integral over the phase space
is non-zero. As follows from the discussion in the previous paragraph, such eigenstate must
be Q-symmetric and thus be of zero-eigenvalue.
This stationary (zero-eigenvalue) eigenstate is referred sometimes to as ”ergodic zero”.
We prefer to call it the state of thermodynamic equilibrium (TE), i.e., the state when the
DS has forgotten its initial conditions and is represented by a stationary total probability
distribution. If this eigenstate is (one of) the ground state(s) as in Fig.(2a), the Q-symmetry
is not broken spontaneously and the DS can be said to be at its TE.
limit, where the Laplacian vanishes and the Fokker-Planck operator looses its ellipticity.
7 That the real part of eigenvalues are bounded from below must be always true for models with the
noise-metric which is positive definite everywhere because the Fokker-Planck operators for such models is
elliptic.
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The unconditional existence of the TE state may turn out to be a part of a more general
statement that (for closed phase spaces) each De Rahm cohomology class provides one
Q-invariant eigenstate. This statement can be proven for example for models, in which
the diffusion Laplacian is the Hodge Laplacian (see the discussion in Appendix), and in
the large temperature limit, Θ → ∞, where one can utilize the conventional perturbation
theory. In this limit, the zeroth order Fokker-Planck operator is the Hodge Laplacian, the
Q-invariant eigenstates are the harmonic differential forms from the De Rahm cohomology,
and all the other states are non-Q-invariant and have positive and real eigenvalues. The Lie
derivative along the flow vector field is a perturbation of order Θ−1. It is straightforward
to demonstrate that to all orders in Θ−1, all the harmonic forms, |θdR〉〉, acquire dˆ-exact
corrections: |θdR〉〉 → |θdR〉〉 + dˆ|something〉〉, so that they are still Q-invariant eigenstates
of zero eigenvalue.
There is also a possibility that both Q-symmetric and non-Q-symmetric ground states
exists simultaneously. This can happen when some of the B-F pairs of states accidently have
zero eigenvalue. In this situation one may appeal to the standard argument that different
ground states correspond to different physical realizations of the model. Within this picture,
vacuum expectation values in Eq.(105) below must be reduced to the contributions from only
that ”realized” ground state. Having mentioned this accidental possibility, from now on we
believe that if the Q-symmetry is not spontaneously broken then non-Q-symmetric states
are not among the ground states of the model.
The TE state has the following general form, e−L/T ⋆ 1, where ⋆1 is the invariant volume
on X and function L can be recognized as the stochastic generalization of the Lyapunov
function from the theory of deterministic DSs. For Langevin SDEs, the role of the gener-
alized Lyapunov function is played by the Langevin potential. [Ovchinnikov 2012] In the
literature on N=2 supersymmetric quantum mechanics (SQM), one may encounter exam-
ples of superpotentials (or Langevin functions) that provide non-integrable TE states. The
simplest example of such models is the N=2 SQM on R1 with the superpotential going to
minus infinity at both spatial infinities. Such a model makes sense only from the point of
view of metastable dynamics, that is, on the level of the perturbative ground states around
local minima of the superpotential. From the point of view of the global ground state of
the model and/or of the long-time dynamics, this model is not physical because the DS will
eventually escape to (one of) the spatial infinity(ies) where the superpotential goes to −∞
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and will never come back. In fact, the existence of the integrable TE state can be viewed
as a condition for the model to be physical.
2. Spontaneously broken Q symmetry: stochastic chaos
In Ref.[Ovchinnikov 2013], the Q-symmetry breaking picture was discussed under the
assumption that Γg can not be negative (see Fig.2b). This assumption was based on the
following argument. The Witten index can be viewed as the partition function of the noise,
and since the noise does not have instabilities, states with negative attenuation rates must
not exist. This argument, however, must be discarded because the eigenstates with nonzero
eigenvalues are non-Q-symmetric and consequently they do not contribute to the Witten
index representing (up to a topological factor) the partition function of the noise.
This does not necessarily suggest, however, that reasons forcing Γg to be nonnegative do
not exist in some classes of DSs. In DSs that do have such a reason, Fig.2b is the only
possible picture of the Q-symmetry breaking. In general case, on the other hand, Γg can be
negative. The three possible spectra corresponding to this situation are given in Figs.2c,2d,
and 2f.
For the situation in Fig.2d, the partition function can take on negative values in the long
time limit, Z|t→∞ ∼ et|Γg | cosEgt. The same is true for Fig.2d. If we recall now that in the
long time limit Z must have the meaning of averaged number of periodic solutions/orbits
(see Secs. IIIG and II), the negativeness of Z looks suspicious. This, however, does not
necessarily point onto the possibility that such FP spectra are not realizable. It only suggests
that for such models the dynamic partition function does not represent the number of
periodic solutions.
In either case, Fig.2c seems to be most likely picture of Q-symmetry breaking. In this
situation, 8
lim
t→∞
Z ≈ 2et|Γg|. (101)
In other words, the stochastically averaged number of periodic solutions/orbits grows expo-
nentially in the large time limit with rate |Γg|. 9 This exponential growth is a unique feature
8 Factor 2 here comes from the two-fold degeneracy of the non-Q-symmetric BF pair of the ground state
9 Parameter |Γg| can be identified as the previously mentioned pressure of the DS. Yet another parameter
to which Γg can be related is the concept of (topological) entropy of a chaotic DS.
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of deterministic chaos and Eq.(101) is the stochastic generalization of this situation (in the
deterministic limit, this growth is provided by the infinite number of unstable periodic orbits
with arbitrary large periods constituting strange attractors). The picture we just arrived
at proves that the spontaneous breakdown of the topological supersymmetry is indeed the
field-theoretic essence of the concept of deterministic chaos that also provides the stochastic
generalization for this concept.
The ground state of a chaotic DSs is not a total probability distribution. It is not a
distribution in the unstable/unthermalized variables, in which the DS has infinitely long
memory of initial condition/perturbations. In the theory of deterministic dynamics, these
unstable variables are featured by positive Lyapunov exponents. On the other hand, just like
in quantum mechanics, it is the bra-ket combination (of the ground state) which is the total
probability distribution. In a sense, the dynamics factorizes the total probability distribution
into two differential forms that are the conditional/marginal probability densities for the
stable (ket) and unstable (bra) variables.
B. Response and the butterfly effect
The physical way to couple the DS to external influence is to introduce of a set of probing
fields, φc(t), into the flow vector field:
F i(x(t))→ F i(x(t)) + φc(t)f ic(x(t)), (102)
where f ’s is a set of some vector fields on X . The action transforms as:
S → S +
∫
dtφc(t)
{Q, iψ¯i(t)f ic(x(t))} . (103)
The response of the DS to the perturbations can now be characterized by the set of the
following stochastic expectation values: (here we consider only spectra of type 2a and c)∏l
k=1
{Q, iψ¯k1(t1)fk1ck (x(tk))} = Z−1
(∏l
k=1
δ
δφck(tk)
)
Z
∣∣∣∣
φ=0
= Z−1
∫
APBC
eS
∏l
k=1
{Q, iψ¯ik(tk)f ikck (x(tk))}
= Z−1
∑
n
∫
〈〈n|eS
∏l
k=1
{Q, iψ¯ik(tk)f ikck (x(tk))} |n〉〉. (104)
The summation in the last line is over all the eigenstates, n, and the pathintegration connects
the arguments of bra’s and ket’s.
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Of primary importance is the limit, t → ∞, where the stochastic expectation values
become the vacuum expectation values (VEV’s):
∏l
k=1
{Q, iψ¯k1(t1)fk1ck (x(tk))}
∣∣∣∣
t→∞
= N−1g e
tEg
∑
g
〈〈g|eS
∏l
k=1
{Q, iψ¯ik(tk)f ikck (x(tk))} |g〉〉. (105)
The summation here is over the ground states only and we used that Z|t→∞ = Nge−tEg
with Ng being the number of ground states and Eg being the ground states’ eigenvalue. The
exponential factor compensates for the same factor that comes from the time propagation
of the ground states.
Clearly, all the VEV’s of Q-exact operators vanish when the Q-symmetry is not broken
spontaneously and all the ground states are Q-symmetric. This can be interpreted as though
the DS forgets all the perturbations in the long-time limit. In the opposite situation of
spontaneously broken Q-symmetry, some (or rather most of) VEV’s of Q-exact operators
do not vanish. Accordingly, this situation can be interpreted as though the chaotic DS
does not forget the perturbations even in the limit of infinitely long temporal evolution.
In this way, the STS reveals the famous butterfly effect or the chaotic sensitivity to initial
conditions/perturbations.
It would not be surprising if it turned out that some of the VEV’s of Q-exact operators
are of topological origin. If this is indeed true, the topological nature of such VEV’s must
be conceptually different from the conventional topological invariants of BPS observables on
instantons (see the discussion in Sec.IIIH).
C. General phase diagram
As a finalizing remark, we would like to revisit here the issue of the generic phase diagram.
This subject matter is of a somewhat speculative character. Nevertheless, it is still worth
a discussion as the phase diagram makes a good sense from the physical point of view and
the logic behind it looks robust.
It was proposed in Ref. [Ovchinnikov 2012] that there must exist three major phases:
the TE phase with unbroken Q-symmetry that was previously identified as Markovian in
order to emphasize that such DSs do not exhibit long-range chaotic order; the noise-induced
chaotic phase (intermittent phase) with Q-symmetry broken by the condensation of the
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FIG. 3. Two qualitatively different phase diagrams. The axes are the intensity (or temperature)
of the noise and the other ”bifurcation” parameters. (a) In this simple type of DSs, there are
only two phases: the thermodynamic equilibrium phase (TE) with unbroken Q-symmetry, and
the ordinary chaotic phase (C) with Q-symmetry spontaneously broken in the low temperature
limit by the non-integrability of the flow vector field. The only effect of the noise is to restore
the Q-supersymmetry at high temperatures. (b) In this second type of DSs, the low-temperature
limit there appears the second phase that can be called the noise-induced (or intermittent) chaos
(I) with the Q-symmetry spontaneously broken by the condensation of (anti-)instantons. Above
certain temperature, Tx, the sharp boundary between the I- and C- phases must get smeared into a
crossover and the two phases must merge into a phase indicated as x. At even higher temperatures
the Q-symmetry must get restored.
configurations of instantons and antiinstantons; and the conventional chaotic phase, where
the Q-symmetry is broken even in the deterministic limit due to the non-integrability of the
flow vector field.
The logic behind the introduction of this phase diagram is as follows. In the deterministic
limit, the phase diagram is divided into two regions of integrable deterministic dynamics and
non-integrable chaotic deterministic dynamics. The effect of noise provides two additional
sources of Q-symmetry breaking for the DSs with integrable flow vector fields. The first
source is the perturbative corrections. Supersymmetries, however, are hard to break pertur-
batively (non-renormalization theorems). This is actually the reason why the second source
of the condensation of the configurations of (anti-)instantons is considered one of the most
reliable mechanisms of the spontaneous breakdown of supersymmetries in the high-energy
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physics models. [Witten 1981]
In terms of stochastic dynamics, configurations of (anti-)instantons represent in partic-
ular the noise-induced tunneling processes between different deterministic attractors. Such
processes exist even in Langevin SDEs with multiple local minima of Langevin potential. At
this, Q-symmetry is never broken for (physically meaningful) Langevin SDEs (the FP spec-
tra are real and non-negative). The conclusion is that the very existence of (anti-)instantons
does not necessitate the spontaneous breakdown of Q-symmetry. In a sense, condensation
of (anti-)instantons can only ”help” Q-symmetry breaking in DSs that are already ”close”
to be chaotic in the deterministic limit.
Another important observation is that in the deterministic limit anti-instantons disappear
because they are the noise-induced processes of going against the flow vector field (as a
result antiinstantonic matrix elements have exponentially weak factors such as Gibbs factors
vanishing in the deterministic limit). At the same time, instantons on their own can not
condense into the global ground state because instantons correspond to classical solutions
leading from less stable invariant manifolds to more stable ones and without ”compensation”
from anti-instnatons they can not realize the periodic boundary conditions (see, however,
the discussion of the out-of-equilibrium dynamics in quenches in Sec. 3.4). As a result, when
anti-instantons disappear so does the possibility of the noise-induced Q-symmetry breaking.
The only possible picture that follows from the discussion in the two previous paragraphs
is this. Spontaneous Q-symmetry breaking by the condensation of (anti-)instantons (noise-
induced chaos) is possible only close to the transition into the ordinary deterministic chaos.
In the deterministic limit, this phase collapses into the boundary of the conventional deter-
ministic chaotic phase. For an external observer, the noise-induced chaotic behavior must
look like an intermittent dynamics where the DS spends most of its time on deterministic
attractors, jumping sporadically from one attractor to another. At this, these jumps must
exhibit the signatures of a long-range chaotic order such as algebraic statistics.
The above reasonings work only in the low-temperature limit, where the dominant part
of the Fokker-Planck operator is the drift term (the Lie derivative along the flow vector
field), the perturbative ground states are localized on the unstable manifolds of the flow
vector field, while the presence of the noise somewhat smears these ground states. It is only
in this regime that these ground states overlap insignificantly making the concept of (anti-
)instantons physically sound, i.e., an external observer would be able to tell one process
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from another.
In the high temperature limit, the diffusive (Laplacian) part of the Fokker-Planck operator
becomes more and more dominant as one rises the temperature. This suggests that in
those SDEs, in which the diffusion Laplacian alone does not break the Q-symmetry (this is
certainly true for Hodge Laplacians), the Q-symmetry eventually gets restored as one rises
the temperature. It can be shown more rigorously for closed phase spaces, where in order to
prove that for sufficiently high Θs the Q-symmetry is unbroken one can use the perturbation
theory in the same manner as it was used in Sec.VIA1 to discuss the relation between the
supersymmetric states and De Rahm cohomology classes.
One of the ways to physically interpret this situation is that chaotic long-range order can
always be destroyed by a sufficiently strong noise. The scenario when the ground state’s
eigevalue tends but never reaches zero with the increase in the temperature can probably be
also realizable in some classes of DSs. This scenario can be thought of a special case when
the boundary of the Q-broken phase moved to infinity on the temperature scale.
Another issue is the boundary between the noise-induced and ordinary chaos, which is not
a topological supersymmetry breaking phase transition even in the low-temperature limit
(one can not break topological supersymmetry twice). In the high-temperature limit, this
boundary must smear out into a crossover because the concept of (anti-)instantons is not
very solid anymore as the perturbative ground states overlap significantly. In other words,
the two Q-broken phases must merge into a single complicated phase with a spontaneously
broken Q-symmetry. We did not manage to find analogues for this phase in the literature
and for this reason we simply called it the x-phase on the emerging phase diagram in Fig.3b.
We would also like to point out that the noise-induced chaotic phase may exist only in
DSs with a rich ”enough” instantonic structure, e.g., with a multitude of attractors. In cases
where the instantonic structure is not rich enough, e.g., a chaotic DS with only one strange
attractor with the attraction basin being the whole phase space, the noise-induced chaotic
phase must not exist. For such DSs, the phase diagram must look like this (see. Fig.3a):
the ordinary chaotic phase gradually narrows down with the increase of temperature until
it completely disappears.
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VII. CONCLUSION
In this paper, the connection is established between the transfer operator formalism of the
dynamical systems’ theory and the recently proposed supersymmetric theory of stochastic
differential equations. The established connection provides a potential for a fruitful cross-
fertilization between the developments in the dynamical systems theory and supersymmetric
and cohomological field theories. Three distinct results enabled by this connection were
presented in this paper.
First, it became possible to apply the spectral theorems of the dynamical systems theory
to the spectrum of the Fokker-Planck operator and refine the previously proposed picture
of the spontaneous breakdown of the topological supersymmetry. Specifically, it allowed
to extend the picture onto situations when the ground state’s attenuation rate is negative.
In these situations, the stochastically averaged number of periodic solutions/orbits grows
exponentially in the large time limit, which is a unique feature of chaotic behavior. Hence,
this constitutes a firm evidence proving that the spontaneous breakdown of the topological
supersymmetry is indeed the field-theoretic definition and stochastic generalization of the
concept of deterministic chaos.
Second, it was shown that the so called sharp trace and sharp determinant of the gener-
alized transfer operator of the dynamical systems theory is subject to the supersymmetric
trivialization due to the unconditional existence of the topological supersymmetry.
Third, this connection enabled the utilization of the Lefschetz theorem for the proof of
that the Witten index of an SDE with a closed phase space equals the Euler characteristic
of the phase space. To the best of our knowledge, this is the first proof of this statement
suitable for any smooth enough flow vector fields, noise temperatures, and the noise metrics.
In addition, in this paper we revisited the question of the generic phase diagram previously
analyzed in the low-temperature limit, where it consists of the three major phases: ther-
modynamic equilibrium, noise-induced chaos ((anti-)instanton condensation, intermittent),
and ordinary chaos (non-integrability of the flow vector field). This picture was generalized
to the high temperature regime, where the sharp boundary between ordinary and noise-
induced chaotic phases must smear out into a crossover and at even higher temperatures
the topological supersymmetry must get restored. It was also demonstrated that the correct
Fokker-Planck temporal evolution is provided by the Weyl-Stratonovich interpretation of
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the SDEs, which resolves the Ito-Stratonovich dilemma.
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APPENDIX: STOCHASTIC WEYL-STRATONOVICH QUANTIZATION
The goal of this section is two-fold. First, it provides a detailed derivation of the Fokker-
Planck operator. Second, at the end of this section the Ito-Stratonovich dilemma is discussed
and resolved unambiguously in favor of the Weyl-Stratonovich approach.
The stochastically averaged infinitesimal evolution of a wavefunction between two time
slices, say 0 and ∆t→ 0, and for the Gaussian white noise can be expressed in the following
manner:
ψ(x1χ1∆t) =
〈∫
dDx0d
Dχ0δ
D(x0 −M−∆t(x1))
× δD(χ0 − TM−∆tχ1)
〉
Ns
ψ(x0χ00), (106)
where the averaging over the noise variable is defined as:
〈...〉Ns = c
∫
dDξ0e
−∆t(ξa0 )
2/2... (107)
with c−1 =
∫
dDξ0e
−∆t(ξa0 )
2/2 being the normalization constant. Eq.(106) is the stochastic
average of the infinitesimal pullback from Eq.(86).
Now, one can use the following discrete-time approximation of the SDE:
x0 = x1 −∆tF (x+, ξ0), x+ = (x1 + x0)/2, (108)
where the flow vector field is defined in Eq.(39). Similarly, the approximate evolution for
the ghosts is
χ0 = χ1 −∆tFˆ(x+, ξ0)χ+, χ+ = (χ1 + χ0)/2, (109)
with
Fˆij(x, ξ) = ∂F
i(x, ξ)/∂xj = ∂F i(x)/∂xj + (2T )1/2(∂eia(x)/∂x
j)ξa(t).
41
The meaning of Eqs.(108) and (109) is that the flow vector field must be evaluated at the
middle of the transition time interval (0,∆t). This is the best discrete-time approximation of
a continuous-time SDE and this is the origin of the necessity to use the Weyl symmetrization
below. In the literature on SDEs, Weyl quantization is known also as Stratonovich approach
to SDEs and in the end of this section we will discuss it in detail.
Eqs.(108) and (109) implicitly define x0 and χ0 in terms of x1 and χ1. The bosonic
δ-function in Eq.(106) can be given with the help of Eq.(108) as:
δD(x0 −M−∆t(x1)) = |C|−1δD(x0 − (x1 −∆tF (x+, ξ0))), (110)
where C = det(1ˆ + ∆tFˆ/2) ∼ 1. This factor is compensated by the same factor in the
nominator provided by the fermionic δ-function:
δD(χ0 − TM−tχ1) = CδD(χ0 − (χ1 −∆tFˆ(x+, ξ0)χ+)). (111)
Now we can introduce the Lagrange multiplier, B0, and the antighost, χ¯0, in order to
exponentiate the δ-functions and integrate out the noise variable:
ψ(x1χ1∆t) =
∫
dDx0d
D
(
B0
2π
)
dDχ0d
D(iχ¯0)
×eiB0(x1−x0)−iχ¯0(χ1−χ0)−∆tH(B0χ¯0x+χ+)ψ(x0χ00), (112)
where
H(Bχ¯xχ) = (iB)iF
i(x)− (iχ¯)iF i′j(x)χj − Tuaua, (113)
with ua = (iB)ie
i
a(x) − (iχ¯)ieia′j(x)χj , is nothing more than the Fokker-Planck Hamilton
function defined by Eqs.(60) and (50).
Taylor expanding Eq.(112) in ∆t→ 0 we get (Φ0 → Φ′, and x1, χ1 → x, χ):
∂tψ(xχt) = lim∆t→0(ψ(xχ∆t)− ψ(xχ0))/∆t
= −
∫
dDx′dD
(
B′
2π
)
dDχ′dD(iχ¯′)eiB
′(x−x′)−iχ¯(χ−χ′)
×H(B′, χ¯′, (x+ x′)/2, (χ+ χ′)/2)ψ(x′χ′t). (114)
Now it is clear that the Lagrange multiplier B′ is the momentum operator diagonal in
the Fourier space provided by the integration over x′, while the subsequent inverse Fourier
transform (the later integration over B′) brings the wavefunction back again into the repre-
sentation where x is diagonal. The same is true for the fermionic momentum χ¯. This is the
reason for the standard operator identification in Eqs.(55).
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In fact, there is a seeming sign ambiguity in the antighost operator: i ˆ¯χi = ±∂/∂χi. This
ambiguity can be removed by demanding that the bi-graded commutation of the exterior
derivative, dˆ, i.e., the No¨ther charge of the Q-symmetry, acts on the fields’ operators in the
same way as Q-operator acted on their pathintegral versions:
{Q, (xi, Bi, χi, χ¯i)} = (χi, 0, 0, Bi). (115)
As can be straightforwardly verified, with the sigh chosen in Eq.(55) this condition is satis-
fied:
[
dˆ, (xˆi, Bˆi, χˆ
i, ˆ¯χi)
]
= (χˆi, 0, 0, Bˆi), (116)
where the bi-graded commutation is defined as a commutator for bosonic operators and
anti-commutator for fermionic ones.
Due to the symmetric way the coordinates x’s and x′’s (χ’s and χ′’s) enter the argument
of the Fokker-Planck Hamilton function, on substituting momenta by their operator versions
one must perform the Weyl symmetrization. Indeed, suppose the Fokker-Planck Hamilton
function has a term, −iBiGi(x), where Gi is some function of x. This term will contribute
the following expression into the r.h.s. of Eq.(114) (fermionic fields are not shown):
∫
dDx′dD
(
B′
2π
)
eiB
′(x−x′)iB′iG
i((x′ + x)/2)ψ(x′t)
=
∂
∂xi
∫
dDx′dD
(
B′
2π
)
eiB
′(x−x′)Gi((x′ + x)/2)ψ(x′t)
−1
2
∫
dDx′dD
(
B′
2π
)
eiB
′(x−x′)
(
∂
∂xi
Gi((x′ + x)/2)
)
ψ(x′t)
=
1
2
(
∂
∂xi
Gi(x) +Gi(x)
∂
∂xi
)
ψ(xt).
The same is true for fermionic fields with the only difference that the symmetrization must
be fermionic, e.g.,
[
ˆ¯χj , χ
i
]
sym
= (1/2)( ˆ¯χjχ
i − χi ˆ¯χj). In general case, the bi-graded sym-
metrization must be used:
[
Aˆ, Bˆ
]
sym
= (1/2)(AˆBˆ ± BˆAˆ), (117)
where minus sign is used when both operators are fermionic, i.e., have odd number of χ’s
and χ¯’s, and the plus sign is for the other three possibilities.
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To simplify the procedure of finding the operator expression for the Fokker-Planck opera-
tor, one can make use of the ”commutativity” of the operation of the bi-graded symmetriza-
tion and the substitution of the momenta fields by their operator expressions:[
X(Φ)|Bχ¯→Bˆ ˆ¯χ
]
sym
= [X(Φ)]sym
∣∣∣
Bχ¯→Bˆ ˆ¯χ
, (118)
where the bi-graded symmetrization of X(Φ) has the same rules described above with the
only difference that the fields Φ’a are not operators but the Grassmann and c-numbers. One
also notices that
[{Q, X1X2...}]sym =
{
Q, [X1X2...]sym
}
, (119)
and that
{Q, X}|Bχ¯→Bˆ ˆ¯χ =
[
dˆ, X|Bχ¯→Bˆ ˆ¯χ
]
, (120)
as follows from Eq.(116). With the use of these properties and Eq.(60) one has
Hˆ =
[
H(Φ)|Bχ¯→Bˆ ˆ¯χ
]
sym
=
[
dˆ, jˆ
]
, (121)
where
jˆ =
[
j(Φ)|Bχ¯→Bˆ ˆ¯χ
]
sym
, (122)
with j(Φ) given in Eq.(50). One can now proceed straightforwardly:
jˆ =
[
∂
∂χi
(
F i(x)−Θgij
(
∂
∂xj
− Γ˜lkjχk
∂
∂χl
))]
sym
=
∂
∂χi
F i(x)−Θ
(
∂
∂χi
1
2
(
gij
∂
∂xj
+
∂
∂xj
gij
)
+gijΓ˜lkj
1
2
(
∂
∂χi
∂
∂χl
χk + χk
∂
∂χi
∂
∂χl
))
,
=
∂
∂χi
(
F i(x)−Θ
(
gij
(
∂
∂xj
− Γ˜lkjχk
∂
∂χl
)
+
1
2
(∇˜jgij)
))
, (123)
where
∇˜jgij = (∂gij/∂xj) + Γ˜lljgji + Γ˜iljgjl = 0, (124)
because of the metric compatibility of the Weitzenbo¨ck connection (see Eq.(52)). Now, in
agreement with the definitions introduced for Eq.(61)
jˆ =
∂
∂χi
F i(x) + Θ ˆ¯d, (125)
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with
ˆ¯d = − ∂
∂χi
gij ˆ˜∇′j, (126)
and
ˆ˜∇′j =
∂
∂xj
− Γ˜lkjχk
∂
∂χl
= ˆ˜∇j − T ljkχk
∂
∂χl
, (127)
where
ˆ˜∇j = ∂
∂xj
− Γ˜ljkχk
∂
∂χl
, (128)
T ljk = Γ˜
l
kj − Γ˜ljk, (129)
are respectively the covariant derivative operator and the torsion of the Weitzenbo¨ck con-
nection.
Operator (127) can also be represented as:
ˆ˜∇′j = ∇ˆj −K lkjχk
∂
∂χl
, (130)
where
K ljk = Γ˜
l
jk − Γljk, (131)
is the cotorsion tensor,
Γljk =
1
2
glp (gpk′j + gpj′k − gjk′p) , (132)
is the Levi-Civita connection (we introduced (...)′j ≡ ∂(...)/∂xj), and
∇ˆj = ∂
∂xj
− Γljkχk
∂
∂χl
, (133)
is its covariant derivative operator.
It is tempting to believe that the diffusion Laplacian of stochastic quantization is the
Hodge Laplacian, [dˆ, dˆ†], where dˆ† is the adjoint of dˆ. To see if this is true, we recall that
the definition of the adjoint is 〈φ|dˆψ〉 = 〈dˆ†φ|ψ〉, ∀ψ, φ, where the scalar product 〈φ|ψ〉 =∫
X
ψ ⋆ ψ∗, and the Hodge conjugation
⋆ (ψi1...irχ
i1 ...χir) =
1
(D − r)!ψi′1...i′rg
1/2gi
′
1i1 ...gi
′
rirǫi1...iDχ
ir+1...χiD , (134)
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with g = det gij and ǫi1...iD being the antisymmetric tensor. Equipped with these definitions
and other useful formulas such as:
ǫi1...irir+1...iDǫj1...jrir+1...iD = (D − r)!


δi1j1 . . . δi1jr
...
. . .
...
δirj1 . . . δirjr

 , (135)
one can derive a few well-known relations such as ⋆⋆ = (−1)(D−Fˆ )Fˆ , (χi)† = gij∂/∂χj , and
eventually
dˆ† =
(
∂
∂xi
χi
)†
= − ∂
∂χi
gij
(
− ∂
∂xj
)†
, (136)
with (
− ∂
∂xj
)†
= ∇ˆj + gkrΓrjpgpl
∂
∂χl
χk. (137)
Comparing Eqs.(136) and (137) with Eqs.(126) and (127), we see that
ˆ¯d 6= dˆ†. (138)
This inequality, however, is not quite the same as [dˆ, ˆ¯d] 6= [dˆ, dˆ†]. Strictly speaking, the
diffusion Laplacian equals the Hodge Laplacian if
[dˆ, ˆ¯d− dˆ†] =
[
dˆ,
∂
∂χi
gij
((
− ∂
∂xj
)†
− ˆ˜∇′j
)]
= 0. (139)
To check if this holds, we introduce for brevity
Y ljk = K
l
kj − gkrΓrjpgpl, (140)
so that (
− ∂
∂xj
)†
− ˆ˜∇′j = Y ljkχk
∂
∂χl
+ (log
√
g)′j, (141)
where we used Γkjk = (log
√
g)′j. Thus,
[
dˆ, ˆ¯d− dˆ†
]
=
[
dˆ, gijY ljk
∂
∂χi
χk
∂
∂χl
+ gij(log
√
g)′j
∂
∂χi
]
=
(
(gijY ljk)′m
)
χm
∂
∂χi
χk
∂
∂χl
+
(
gijY ljk − gljY ijk
)
χk
∂
∂χl
∂
∂xi
+
(
gij(log
√
g)′j + g
ljY ijl
) ∂
∂xi
+
(
(gij(log
√
g)′j)′m
)
χm
∂
∂χi
.
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For the r.h.s. of this equation to vanish in the operator sense, each of the four coefficients in
the big brackets must equal zero. This is not so in the general case as is clearly seen from the
fourth coefficient for instance. Thus, we came into conclusion that in general the diffusion
Laplacian is not the Hodge Laplacian. This finding is rather surprising. It suggests that
supersymmetric nonlinear sigma models (see, e.g., Chapter 10.4 of Ref.[Hori et al. 2003])
that all have Hodge Laplacians are not exactly the Riemannian phase-space generalization
of the stochastic quantization of Langevin SDEs.
The diffusion Laplacian is the Hodge Laplacian only for some classes of models. One
such class is trivial - it is the models with flat metric (additive noise), i.e., with coordinate-
independent veilbeins and consequently vanishing connection. Another such class is the
torsion-free models. To see that this is true one can use an alternative representation of the
diffusion Laplacian
[dˆ, ˆ¯d] = −
[
dˆ,
∂
∂χia
eia(x)
] [
dˆ,
∂
∂χj
eja(x)
]
= −( ˆ˜∇′i + Γ˜lli)gij ˆ˜∇′i. (142)
Now, if torsion is zero, Γ˜ijk = Γ
i
kj,
ˆ˜∇′i = ∇ˆi, −( ˆ˜∇′i+Γ˜lli) = −(∇ˆi+Γlil) = ∇ˆ†i and the diffusion
Laplacian is the Bochner Laplacian, ∇ˆ†igij∇ˆj . It remains now to recall that according to
the Weitzenbo¨ck formula, the Hodge Laplacian equals the Bochner Laplacian when the
Riemann curvature tensor (of the Levi-Chivita connection) is zero, which is indeed the case
for the vanishing torsion of the Wietzenbo¨ck connection (see, e.g., Eqs. (49) and (50) of
Ref.[Arcos and Pereira 2004]).
Finalizing the discussion in this section, we would like to address here the following
issue. In the literature on SDEs, the Weyl quantization technique is known as Stratonovich
approach, which is often opposed to the Ito approach. The later uses x0 instead of (x1+x0)/2
in Eq.(108) and corresponds to the unphysical convention of evaluating the flow vector field
in the r.h.s of the discrete-time approximation of the SDE at the very beginning of the
interval of the infinitesimal time-evolution, (0,∆t). On the level of the operator ordering,
Ito approach is equivalent to the rule that all the momentum operators are on the ”left”
of (or act after) all the position operators. This operator ordering rule leads to a different
Fokker-Planck operator:
HˆIto = [dˆ, jˆIto], jˆIto = jˆ −ΘΓ˜ikjgjk
∂
∂χi
. (143)
At the same time, it is understood that there can be only one correct evolution opera-
tor and the question that we need to address now is which of the two evolution opera-
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tors is correct. This question is known in the literature as the Ito-Stratonovich dilemma.
[Von Kampen 1981]
Several reasons have been found pointing onto why the Weyl-Stratonovich approach to
SDEs is more reasonable (see, e.g., Refs. [Moon and Wettlaufer 2014] and Refs. therein).
Moreover, it was demonstrated that the results obtained within the Weyl-Stratonovich
view on SDEs are closer to experimental data. [Smythe 1981] Furthermore, if Ito op-
erator ordering rule is applied to an ordinary quantization of a non-relativistic particle
of mass, m, in a magnetic field defined by a vector potential, A, it leads to a non-
Hermitian and non-gauge-invariant kinetic part of the Hamiltonian: (pˆ2−2pˆA+A2)/(2m) 6=
(pˆ2 − 2pˆA+A2)†/(2m), (pˆ−A)2/(2m), where pˆ = −i~∂/∂x is the momentum operator and
~ is the Planck constant. This is yet another reason why Ito approach is unphysical.
Getting back to our discussion, the pathintegral technique we used so far does not resolve
the Ito-Stratonovich dilemma. Indeed, the Ito evolution operator (143) is still dˆ-exact and
consequently there is still some room to believe that Ito approach is acceptable. In order to
resolve this ambiguity one can proceed as follows.
Let us return to the infinitesimal temporal evolution introduced in the beginning of this
section. The infinitesimal pullback in Eq.(106) can be alternatively given as the exponenti-
ation of the Lie derivative:
ψ(xχ(t +∆t)) = 〈e−∆tLˆF (ξ)〉Nsψ(xχt)
=
〈
1−∆tLˆF (ξ) + 1
2
∆t2LˆF (ξ)LˆF (ξ) + ...
〉
Ns
ψ(xχt), (144)
LˆF (ξ) = LˆF + (2T )1/2ξaLˆea =
[
dˆ,
∂
∂χi
(
F i + (2Θ)1/2eiaξ
a
)]
. (145)
Unlike in Eq.(106), in the operator version of the infinitesimal evolution one need not to sep-
arate the variables into those living on the first and the second time-slices ((x1χ1), (x0χ0)→
(xχ), ξ0 → ξ).
Using 〈ξaξb〉Ns = δab/∆t and 〈ξa1 ...ξa2k〉Ns ∝ (∆t)−k, and keeping in Eq.(144) only terms
linear in ∆t, one arrives at
∂tψ(xχt) = lim
∆t→0
ψ(xχ(t +∆t))− ψ(xχt)
∆t
= −Hˆψ(xχt), (146)
where the evolution operator is
Hˆ = LˆF −ΘLˆeaLˆea =
[
dˆ,
∂
∂χi
F i(x)
]
−Θ
[
dˆ,
∂
∂χi
eia(x)
] [
dˆ,
∂
∂χj
eja(x)
]
. (147)
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Eq.(146) is the operator version of Eq.(114), whereas Eq.(147) is the Weyl-Stratonovich
Fokker-Planck operator as is seen from Eqs.(121), (125), and (142). For a total
probability distribution, P (xχt) = P (xt)χ1...χD ∈ ΩD(X), one has dˆP (xχt) = 0,
[dˆ, (∂/∂χj)eja(x)]P (xχt) = (∂/∂x
j)eja(x)P (xχt), and the Fokker-Planck equation takes the
form of the conventional Fokker-Planck equation in the Stratonovich approach:
∂tP (xt) =
(
− ∂
∂xi
F i +Θ
∂
∂xi
eia
∂
∂xj
eja
)
P (xt). (148)
No approximations were made in the derivation of Eqs.(146) and (147). This unambigu-
ously resolves the Ito-Stratonovich dilemma in favor of the Weyl-Stratonovich approach.
What resolves the issue here is the correct operator ordering provided by the understanding
that the infinitesimal evolution/pullback is the Lie derivative (see Eq.(144)).
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